Abstract  This paper presents a numerical model for investigating the structural dynamic response of an unbalanced rotor system supported on deep groove ball bearings. The aim of this work is to develop a numerical model for investigating the effect of the number of balls on the dynamic characteristics of the rotor ball bearing system. The fourth-order Runge-Kutta numerical integration technique has been applied. The results are presented in the form of time displacement responses and frequency spectra. The analysis demonstrates that the model can be used as a tool for predicting the nonlinear dynamic behavior of the rotor ball bearing system under different operating conditions. Moreover, the study may contribute to a further understanding of the nonlinear dynamics of rotor bearing systems.
Introduction
Rotor dynamics is an important field of study that has many engineering applications in equipment such as turbines, jet engines, compressors, and electric motors. The prediction and analysis of the dynamic behavior of rotor systems are important because their rotating components possess large amounts of energy that might be transformed into vibrations. These vibrations not only affect the performance of the rotor system but may also cause serious damage to the rotating machinery system. Nonlinearities in rotor systems can be caused by many factors [1] such as Hertzian contact forces, internal radial clearances [2] , stiffness coefficients, and rotor-based excitations. The aim of this work is to develop a numerical model for investigating the effect of the number of balls on the dynamic characteristics of the rotor ball bearing system. A twodegree-of-freedom system is considered with the assumption that there is no friction between the rolling elements and raceways of the ball bearings. The rolling elements are positioned symmetrically such that their motion is synchronized. The fourth-order Runge-Kutta numerical integration technique has been used to solve the system of nonlinear differential equations iteratively. The results presented here have been obtained from a large number of numerical integrations and are mainly in the form of time displacement responses and frequency spectra. The results provide a reliable model for predicting the dynamic behavior of a rotor ball bearing system under different operating conditions [15] . Such a model is of utmost importance in the design stages of rotating machinery systems.
Problem Formulation
Because a real rotor bearing system is very complicated and difficult to model [3] [4] [5] [6] [7] [8] , the analysis of the dynamic behavior of the system was based on the following assumptions while developing the mathematical model:
Journal of the KSTLE 1. The torsional vibration of the rotor and the gyroscopic effects may be neglected and only transverse vibration of the rotor should be considered.
2. The outer race of the ball bearing is fixed to a rigid support, the inner race is fixed rigidly to the shaft, and there is no slippage of the balls.
3. A constant vertical radial force acts on the bearing. 4. Elastic deformation between the race and balls gives a nonlinear force deformation relationship, which is obtained by using Hertzian theory.
Zeillinger and Köttritsch [9] noted that additional damping usually occurs between the bearing's outer race and the housing. It is known that ball bearings have very low inherent damping, which is effective only for small vibration amplitudes [10] . Krämer [11] provided an estimation of the bearing damping, and Gupta et al. [12] indicated that the bearing coefficient of the ball bearing is within the range of 33.75-337.5 Ns/m. A value of c = 200 Ns/m was chosen.
As shown in Fig. 1 , the tangent velocity of the contact point between the ball and the inner race VA, and that between the ball and the outer race VB, respectively, can be given by
Because the outer race is assumed to be stationary, VA = 0. Therefore, the tangent velocity of the cage is (3) Because the inner race is fixed to the shaft, B = rotor . Then, the angular velocity of the cage is given by (4) The varying compliance frequency, or the ball passage frequency, can be expressed in terms of the cage speed times the number of balls, N. (5) According to the Hertzian contact theory [Hertz, 1896] , the local Hertzian contact force Fj between the j th ball and the race is given as follows [13] :
The contact stiffness coefficient K, can be given by the stiffness coefficient between the ball and each race [14] , ki and k0 in series, as follows: (7) where ki and k0 can be determined using the elastic modulus, Poisson's ratio, and the curvature sum of the contact points, as described by Harris [13] . The geometrical properties of an NSK 6002 bearing are listed in Table 1 , where K= 7.055  10 9 (N/mm 1.5 ). The inner race is supported by the rolling balls over an angular contact zone. Based on the Hertzian contact force between the inner and outer races and the ball, the total restoring force is the sum of the restoring force from each of the rolling elements. The "+" sign subscripts in equations (8) and (9) signify the step change in the restoring force expression and models the nonlinearity in the radial clearance. If the expression inside the brackets is greater than zero, the ball at the angular location i is within the angular contact zone and it is loaded, giving rise to a restoring force. If the expression within the brackets is negative or zero, the ball is not in the load zone and the restoring force is set to zero. Therefore, the contact force between the j th ball and the inner race can be expressed as
Because the inner race is moving at the speed of the shaft and the ball center at the speed of the cage, the contact angle (i) is given by (10) The mathematical model takes into account the sources of nonlinearities in the rotor bearing system. After obtaining the inertia, ball bearing force, damping force, and constant vertical force acting on the inner race, the dynamic equations of the system are established as follows:
Results and Discussion
The nonlinear governing equations of motion (11) are solved by the fourth-order Runge-Kutta numerical integration technique to obtain the axial and radial displacement of the rolling element and the shaft. The initial conditions are set to x0 = 10 -6 (m), y0 = 10 -6 (m),
x'0 = 0, y'0 = 0, and K = 7.05 × 10 9 (N/m 1.5 ). To observe the effect of the number of balls, the time displacement response and frequency domain vibrations of the shaft rotor bearing system are obtained to determine the dynamic behavior of the system [16] . The number of balls is one of the key factors affecting the dynamic characteristics of a rotor system. Fig. 2(a)-2(d) shows the response at a speed of 6,000 rpm with 8 balls. The varying compliance frequency (vc) at 6,000 rpm is 315 Hz. For the horizontal displacement response, the peak amplitude of vibration appears at twice the varying compliance frequency 2vc = 630 Hz with three subharmonics, which appear at vc = 315 Hz, vc/5 = 62 Hz, 6vc/5 = 378 Hz. The peak amplitude is 0.308 m at 2vc = 630 Hz for the vertical displacement response. The peak amplitude of vibration is 0.835 m at vc = 315 Hz. The major peaks are at vc/5 = 62 Hz and 2vc = 630 Hz. Fig. 2 (e)-2(h) shows the response with 9 balls. The natural frequency coincides with the varying compliance frequency (vc = 354 Hz). The peak amplitude is 0.105 m in the horizontal direction. For the horizontal displacement response, the major peak amplitudes of vibration appear at vc/2= 180 Hz, 3vc/2 = 534 Hz, and 2vc = 708 Hz. The peak amplitude is 0.373 m in the vertical direction at vc = 354 Hz. The other major peaks for vertical displacement responses are at vc/2 = 180 Hz, 3vc/2 = 534 Hz, and 2vc = 708 Hz.
When the number of balls increases to 10 balls, as shown in Fig. 3(a)-3(d) , the peak amplitudes for horizontal and vertical displacement response are at Journal of the KSTLE 0.10 and 0.231 m, respectively. The other major peaks for horizontal and vertical displacement responses are at 2vc = 788 Hz. Subharmonics seem to be disappearing, as shown in Fig. 3(b) and 3(d) .
Hence, the nonlinear dynamic responses are found to be associated with the varying compliance frequency. For the response with 11 balls, the natural frequency coincides with the varying compliance frequency vc Journal of the KSTLE modulated. For fewer balls, the peak amplitudes of vibrations at the varying compliance frequency are more significant. The main reason for this is that increasing the number of balls increases the number of balls supporting the shaft and therefore increases the system stiffness and reduces the vibration amplitude in the vibration spectrum.
Conclusions
In this study, a two-degree-of-freedom, nonlinear model of a rotor ball bearing system has been developed to obtain nonlinear vibration responses by varying the number of balls. Nonlinear analysis of this model was performed numerically using the fourthorder Runge-Kutta integration method.
The results show that the dynamic characteristic behavior of the system is sensitive to small variations in the system parameters. Increasing the number of balls increases the number of balls supporting the shaft and therefore, increases the system stiffness and reduces the vibration amplitude. Hence, the number of balls is an important parameter for the vibration analysis of a rotor bearing system and should be considered at the design stages of rotating machinery systems. The model can be used as a tool for predicting the nonlinear dynamic behavior of rotor ball bearing systems under different operating conditions. Moreover, the study may contribute to a further understanding of the nonlinear dynamics of rotor bearing systems. 
